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Zener drag and pinning in composites reinforced with cylindrical particles is investigated using three-
dimensional phase-field simulations. Detailed systematic studies clarify the effect of relative orienta-
tion of the particle and length/diameter ratio on the kinetics of drag. It is shown that a combination of
local equilibrium at junctions in contact with the particles, initial driving force of the migrating grain
boundaries, and configuration of the particles within the polycrystalline matrix determine the intensity
and persistence of drag and pinning effects.

© 2015 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Today industrial materials are in need of excellent physical,
chemical and processing properties that are obtained by combining
prominent properties of two or more pure substances to fulfill re-
quirements in endless applications [1,2]. The excellent mechanical,
electrical and thermal properties of addedmaterials, such as carbon
nanotubes [3e5], promise stronger reinforced composites with
better functional properties. The microstructure evolution of such
composites is of fundamental and technological interest [6e8]. The
grain growth resistance in metal matrix composites is well-
investigated for secondary particles of spherical and ellipsoidal
shapes [9e12], while the behaviour of deviating shapes is still
poorly understood. Here, we focus on the effect of particles with
large length/diameter ratio, resembling cylinders which are less
investigated in the literature but largely used in composite
materials.

Previous investigations of particle drag and pinning are mostly
concerned with randomly distributed particles with spherical
[9,10,13], ellipsoidal [11,12], and cubic shapes [14]. Cylindrical par-
ticles have some properties of both spherical and cubic particles
with a much larger length/diameter ratio. It is, for instance,
application-relevant to know whether longer cylinders have an
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advantage over shorter ones and if orientation plays a role in the
pinning of grain boundaries. Furthermore, in composite materials
the strengthening particles are usually distributed non-randomly
due to the production process.

Theoretical studies on the shape of particles suggest an increase
of maximum pinning force F with deviation from spherical shape,
depending on the orientation [15]. Ryum and coworkers [12]
studied an ellipsoidal particle with aeaeb axes and the shape
factor ε ¼ b/a. The moving interface is assumed to be aligned par-
allel to the aea plane of the ellipsoid (case 1) or parallel to the aeb
plane (case 2):

FSphere ¼ psR; (1)

Case 1: FEllipsoid ¼ FSphere
2ε�1=3

1þ εð Þ; (2)

Case 2: FEllipsoid ¼ FSphere ε
0:47; (3)

FCubez1:45 FSphere (4)

with R the radius of the sphere and s the grain boundary energy.
The force of an ellipsoidal particle at constant volume depends on
its orientation with respect to the grain boundary. Cuboidal parti-
cles have a higher pinning force as long as ε < 0.619 for case 1 and
ε < 2.204 for case 2. The overall drag effect, however, depends not
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only on the pinning force, which is a static measurement of
maximum area reduction, but also on the kinetics of the migrating
grain boundary and the dynamics of interaction. Moreover, within a
polycrystalline body, particles can sit in various locations and also
have a cooperative impact on the network of grain boundaries.
These aspects can be studied using simulation methods which can
consider any geometry of particles and resemble the dynamics of
moving boundaries as well as equilibria at the junctions in a
physically sound picture.

The aim of the current work is to study Zener drag and pinning
of cylindrical particles embedded in polycrystalline materials using
the multi-phase-field method [16], which allows studying simul-
taneous evolution of grain boundaries and junctions next to the
particles. We first investigate interaction with a single grain
boundary and the effect of orientation, driving force, and formation
of triple junctions. Later we study drag and pinning for particles
sitting in different positions in the grain boundary network, and the
cooperative drag effects in a polycrystalline body. Finally, we
discuss pinning of cylinders of different length in polycrystalline
bodies.
2. Multi-phase field model and simulation details

Themulti-phase-field approach [16e18] applies to studying two
or more phases (or grains) in contact where the phase-field vari-
ables are constrained to

XN
a¼1

fa ¼ 1; (5)

where fa2[0,1] and N is the number of existing domains. Previous
studies have shown the ability of this method to reconstruct
junctions at the equilibrium [19,20] and to study grain growth in
polycrystallinematerials [21,22]. Themulti-phase fieldmodel starts
with the total free energy functional Ftotal over a given domain U:

Ftotal ¼
Z
U

�
f GB þ f CH þ f EL þ…

�
dV ; (6)

where fGB is the interfacial free energy density, fCH the chemical free
energy density and fEL the elastic free energy density. In the present
work, the interfacial free energy density is the only contribution of
interest expressed in pairs

f GB ¼
XN
a¼1

XN
bsa

4sab
h

�h2

p2V4a$V4b þ 4a4b

� �
; (7)

where h is the interface width and sab is the interfacial energy
between domains a and b. The temporal evolution of the phase-
field variables follows [23].

_4a ¼ �
XN
b¼1

mab

N
d

d4a

� d

d4b

� �
Ftotal; (8)

where mab is the interfacial mobility. Using Equations (6)e(8) we
obtain

_4a ¼
XN
bsa

mab

N
sab Ia � Ib

� 	þ XN
gsa;b

sbg � sag
� 	

Ig

( )
; (9)

in which the generalized curvature term is given by
Ia ¼ V2fa þ p2

h2 fa.
2.1. Simulation procedure

For all simulations the same physical dimensions are chosen.
Common light-metal interfacial energy sab and mobility mab are
taken as 0.32 Jm�2 and 3 � 10�16 m4J�1s�1 [24], respectively. The
interfacial energies between all phases and grains are the same.
Time step dt and grid spacing Dx are 1 s and 10�9 m, respectively.
The width of the interface is benchmarked and selected as h ¼ 7Dx
to guarantee high accuracy and reasonable computation time. The
size of the simulation box depends on the type of investigation: for
studying drag of a single cylinder we use a box size of 1803 and
1502 � 250 grid cells, and for studying polycrystalline composites
we use a box size of 5123 grid cells. The cylinder radius is 7.5 nm and
the maximum cylinder length is 100 nm. It is well-known that
particles can break during manufacturing processes, e.g., ball-
milling before sintering, which results in shorter particles which
are investigated here. Particles are arranged both randomly and
ordered in direction and position, and the contact between them is
prohibited.

For a systematic investigation of anisotropic interaction, we
performed simulations with different orientations between the
particle and a flat grain boundary driven by an artificial driving
force DGab. This driving force adds to the kinetic Equation (9) for _fa

as mabh(fa)DGab. Thus, the velocity of the flat interface between
grain a and b is given as

v ¼ dx
dt

¼ vfa

vt
vx
vfa

¼ mab
vx
vfa

hðfaÞDGab: (10)

In order to have a simple linear relationship between v and DGab,
we have chosen h(fa) ¼ vfa/vx. For the double obstacle potential
used in our model

hðfaÞ ¼
vfa

vx
¼ p

h

ffiffiffiffiffiffiffiffiffiffiffi
fafb

p
(11)

and thus v ¼ mabDGab.
For numerical stability, the driving force should be restricted to

DGab < 2ps/h [25]. Note that if, for example, the interface is moving
towards grain b (a is growing), 12mabhðfaÞDGab is added to _fa and
�1

2mabhðfaÞDGab to _fb. To ensure the stability of the cylinder par-
ticles as an inert phase, related interfacial mobility is reduced by a
factor of 10�25 compared to boundaries between grains.
3. Results and discussion

3.1. Effect of orientation and grain boundary kinetics on the drag

Cylindrical particles are expected to have an orientation-
dependent Zener effect, similar to that of ellipsoidal [15] and cu-
bic particles [14]. Here, we analyse the interaction between a
moving boundary and a cylindrical particle with different orienta-
tion angles. We measure the in-contact boundary velocity, which is
the distance travelled by the grain boundary while being in contact
with the cylinder divided by the time of interaction between
boundary and cylinder. Thus, we are able to discuss not only the
drag effect but also the dynamics of the grain boundary depending
on its driving force during the interaction. For a cylindrical particle,
there is one degree of freedom for the contact angle with respect to
a flat grain boundary, as shown in Fig. 1a.

The results show that the drag effect depends on the particle
orientation mainly when q < 45� (Fig. 1b and c). At low driving
forces (Fig. 1b) for q < 20� and at high driving forces (Fig. 1c) for
q < 8�, the in-contact velocity significantly drops and particle drag
becomes more efficient than a spherical particle of the same



Fig. 1. (a) Schematic of interaction between a grain boundary and a cylindrical inclusion. Grain boundary velocity (filled circles) and contact time (unfilled circles) as a function of
orientation for (b) low (DG ¼ 0.02ps/h) and (c) high (DG ¼ 1.56ps/h) driving force compared with a spherical particle. Cylinder length: 100 nm, cylinder radius: 7.5 nm, sphere has
the equivalent volume. Detaching of the grain boundary from the particle at q ¼ 10� with low (d) and high (e) driving force. Black arrows show moving direction.

Fig. 2. Mapping effective pinning shape as a function of orientation and driving force.
Cylindrical and spherical particles have the same volume.

Fig. 4. Kinetics of shrinkage for different inclusion positions for the central, initially spheric
for particles (c) on grain boundaries and (d) on triple junctions. R is the radius of a sphere

Fig. 3. Equilibrium contact (no driving force) between the grain boundary and the particle (3
of the cylinder (l) measured as a function of q (c).
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volume. In fact, if the q angle is decreased, both the effective in-
contact area and the drag effect increase (Fig. 1b and c). Upon
interaction, a triple junction forms in the contact plane. Hence, a
natural drag is introduced by the junction, similar to that in grain
growth predicted byMullins [26] (see also [25]). The triple junction
drag adds to the particle drag and therefore an offset in the velocity,
even for q ¼ 90� (Fig. 1b and c), is observed. The junction drag is
generic and exists all along interaction. This has been, indeed,
disregarded in the previous pinning studies until recently, when
analytically considered by Zhao and coworkers [27].

Interestingly, it is observed that the driving force of the grain
boundary significantly affects drag behaviour. The grain boundary
sticks to the particle when the driving force is small. In this case it
al grain having (a) two and (b) three neighbouring grains. The simulation box is shown
of equal volume to the central grain.

D) at (a) q¼15� and (b) q¼45� . Dilatation (w) of the grain boundary, and normal length



Fig. 5. Slice of 3D shrinking at different time steps and 3D microstructure at final state. Top: Grain boundaries touch the particle and locally straighten around it. Bottom: Cylindrical
particles meet triple lines and form three new junctions.
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can leave the particle only by severe deformation which happens
over a relatively long period of time (Fig. 1b and d). Fig. 1d and e
compare detachment of the grain boundary at low and high driving
forces. Although the grain boundary faces difficulties at lower
driving forces, its migration accelerates due to the deformation
once it is detached from the particle. Fig. 2 maps the efficiency of
interaction as a function of orientation and driving force. For certain
Fig. 6. (a) Average grain size evolution and grain growth coefficient kðR2 ¼ kt þ R
2
0Þ of neigh

grain growth (no inclusion). (b) Single cylinder within the networks of junctions (grey netw
indicated times.
combinations of orientation and driving force values, it is found
that a cylindrical particle drags better than a sphere of the same
volume.

One feature of cylindrical particles is their orientation-
dependent contact with the grain boundary. Fig. 3a and b shows
static equilibrium that is governed only by local minimization of
the energy, in the absence of a driving force. On the one hand, the
bouring grains (around inclusion) and whole simulation box are compared with normal
ork shows triple lines and junction points). (c) Slices in cylinder neighbourhood at the



Fig. 7. (a) Kinetics of pinning (spherical particles and cylindrical particles with
different length) are compared versus normal grain growth in large 3D systems. (b)
Number of grains are shown as a function of time for all simulation boxes. 4 and 5 vol.%
particles are simulated.
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total area of the grain boundary tends to be reduced and, on the
other hand, the local equilibrium at the junctions (Young's law: the
balance between the surface tensions at the junctions [28]) must be
fulfilled. The latter results in local curvatures around the particle
which acts against area minimization. This leads to a semi-
equilibrium state which strongly depends on the orientation
angle q. Note that the overall curvature around the particle cancels
out.

The shift of the grain boundary from the centre is measured by
the height w (Fig. 3b), and shown as a function of the orientation
(Fig. 3c). For 0 < q < 25�, the grain boundary is locally reorientated
so that the cylinder is completely in its plane. Above 25�, however,
the local bending increases and prevents further local area reduc-
tion. Thus, the grain boundary will be just partially in contact with
the particle.

3.2. Cylindrical particles at grain boundary and junctions

There are many studies on randomly dispersed or aligned par-
ticles and their pinning effect (See for example [29] and references
therein). Since particle drag and pinning is a very local effect, we
focus on the specific position of particles within a network of grain
boundaries. Practically, particles can be sitting in the bulk, on the
grain boundary or junctions, depending on the production history.
In composite materials produced by premixing and powder met-
allurgy, strengthening particles remain at the boundaries or junc-
tions [30e32]. Thus, it is crucial to determine whether the different
positioning of particles results in different kinetics.

As shown in Fig. 4, a shrinking grain with (a) two and (b) three
neighbouring grains and cylindrical particles at specific positions
(c: grain boundary, d: triple junction) was simulated. The results
show that the pinning effect of cylinders is greater on grain
boundaries than on triple junctions in this set-up. The particles on
triple junctions have nearly no retarding effect on grain shrinkage.
In fact, upon making contact with an inclusion, the triple line de-
composes to three individual junctions which can freely move on
the surface of the particle (angular freedom). Note that the grain
boundary in contact with the particle always has a 90� equilibrium
angle with respect to the tangent plane. These particles can remain
on the grain boundaries, stabilize the neighbouring triple junction
(Fig. 5: final state, bottom), and influence the later evolution of
microstructure.

In the other configuration (Fig. 5: top, interaction), when the
grain boundaries touch the particles, new triple junctions form
which significantly limit the motion of the grain boundary during
contact with the particle (Fig. 4b). This, of course, depends on the
initial curvature of the grain boundary. When interaction is
finished, grain boundaries strive to recover their natural shape and
behaviour. Fig. 5 also shows the 3D final state of interaction with
the equilibrium angle at triple junctions (120�) and at the surface of
particles (90�). An alignment of grain boundary and triple junction
with the cylinder axis due to energy minimization can be observed
in both cases.

3.3. Single particle in contact with many grains

Long cylindrical particles may also have a non-local effect on
more than one grain. In particular, when grains are relatively small
in comparisonwith the cylinder length, there can be a considerable
number of junctions and grain boundaries which come into contact
with the particles (Fig. 6b). In this case, a combination of grain
boundary area reduction and Young's law [28] fulfilment at these
junctions can be a determining factor in the grain growth process.
To understand this situation, a cylindrical particle sitting between
many small grains is simulated. We have compared kinetics of
growth for grains close to the particle and for the simulation box as
a whole with and without the particle (Fig. 6a).

The results show that although grain growth is still in the
parabolic regime, it is strongly retarded close to the particle. In the
current configuration, there are few boundaries which might sur-
round the particle. Hence, the most drag force results from the
limited motion of junctions on the surface of the particle. In prac-
tice it is difficult for a grain boundary to escape the contact with the
particle once the equilibrium junction is established. Furthermore,
as shown by Chang and coworkers [29], for systems with small
grains and long cylindrical particles, there may be a collaborative
drag effect if cylinders are close. Our studies (not illustrated here)
show clearly that this effect is weak for cylinders, especially when
they are used in small volume fractions in the composite materials.

3.4. Polycrystalline composites with many particles

Composites reinforced with 4 vol.% cylindrical particles are
simulated. We investigate two specific cases of long (100 nm) and
broken (10 nm) cylindrical particles in comparison with spherical
particles of equivalent volume to the long cylinders. An initial
microstructure close to Hillert's grain size distributionwith average
grain radius of 9.5 nm is constructed as matrix volume. Thus, the



Table 1
Kinetics equations of growth in the form of R

n ¼ kt þ R
n
0. Graphs are shown in

Fig. 7a.

Microstructure Vol.-% Growth
exponent n

Growth coefficient
k in nmn/s

No particles e 2.031 ± 0.010 0.041 ± 0.002
Spherical particles 4 2.288 ± 0.012 0.107 ± 0.006
Cylindrical particles 100 nm 4 2.491 ± 0.009 0.218 ± 0.008
Cylindrical particles 10 nm 4 2.486 ± 0.014 0.218 ± 0.012
Cylindrical particles 100 nm 5 2.686 ± 0.014 0.452 ± 0.015
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shorter cylinders have a volume on the order of that of the grains�
Volð10 nm cylinderÞ ¼ 1

2 VolðgrainÞ
�
. Fig. 7 shows the evolution of

average grain size (a) and the number of grains (b) over time for
different simulations. After about 70,000 s the number of grains
dramatically decreases and the statistical analysis becomes
irrelevant.

The results show that randomly distributed cylindrical particles
Fig. 8. Simulation boxes after 5000 and 50,000 s for (a,b,c) short and (e,f,g) long cylinders (
Particles not encased with a grey line lie in the bulk.
have a stronger drag and pinning effect than spherical particles and
that short and long cylinders have a similar pinning effect.
Although longer cylinders are better sites for the formation of
immobile junctions as discussed in section (3.3), they are never-
theless few in number. On the other hand, surface-volume ratio
favours drag and pinning of smaller cylinders. Increasing the par-
ticle fraction to 5 vol.% leads to a more retarded grain growth
(Fig. 7a) and a higher remaining grain number (Fig. 7b). No evi-
dence for a collaborative drag effect has been observed for these
volume fractions of particles. An orientation alignment of the cyl-
inders in one direction (not shown here) has no special effect on
grain growth evolution. The size distribution of the grains (not
shown here) was found almost unchanged for all simulations.
Table 1 shows information for the growth equation in the form of
R
n ¼ kt þ R

n
0 with t as time, k as the growth coefficient, and n as the

growth exponent. At the presence of particles both exponent and
coefficient of growth increases. Smaller simulations boxes with
3003 grid cells (not shown here) have shown the same tendency of
grain growth retardation as observed here.
4 vol.%). Grey network represents triple junctions and vertexes of the grain boundaries.
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Fig. 8 shows the 3Dmicrostructure of the simulation box and an
extracted volume after 5000 and 50,000 s. The grey network rep-
resents triple junctions or vertexes of higher order. While a small
fraction of short cylinders (10 nm) lies on the network (Fig. 8b,c),
long cylinders are found to be much more in contact with grain
boundaries and junctions (Fig. 8e,f). The persistence of the contacts,
however, is not the only determining factor: uniform distribution of
short particles, indeed, raises the possibility of frequent interaction
which consequently enhances particle drag and pinning.

It is found that during the first stages of grain growth short
cylinder's uniform distribution creates the higher pinning effect
(Fig. 7a), while at later stages cylinders lying in the bulk region have
no influence on pinning. In contrast, long cylinders stay in contact
with the grain boundaries and junctions for a long time and can
influence the later stages of growth.

4. Conclusion

A systematic study of drag and pinning of cylindrical particles is
conducted. We have shown that for a certain combination of grain
boundary driving force and particle orientation, a cylindrical par-
ticle imposes a higher drag effect than a spherical particle of the
same volume. If the misorientation between the grain boundary
plane and the cylinder is small, drag force increases and the cyl-
inder can stay in full contact with the grain boundary for a long
time. In this case, the grain boundary may only leave the cylindrical
particle by large deformations.

A generic drag due to formation of a triple junction on the
surface of the particle is characterized. For a cylindrical particle,
fulfilling the Young's law at these junctions introduces a new dy-
namic for the grain boundary and suppresses its kinetics. Within a
network of grain boundaries, cylindrical particles have a stronger
drag effect on a single grain boundary than on a triple junction. This
is due to the angular degree of freedom junctions gain on the sur-
face of the cylindrical particle.

Large-scale simulations with 4 and 5 vol.% particle fraction show
that the length of the particles has small influence on the overall
drag and pinning. But a stronger pinning effect of cylinders
compared to spherical particles is observed. Due to their shape,
long cylindrical particles staymuch longer in contact with the grain
boundary network. This can be of importance in the later stages of
growth, where the probability of particle/grain boundary interac-
tion becomes lower.
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